A graph is vertex-critical (edge-critical) if deleting any vertex (edge) increases its diameter.
edges'. This conjecture has been established for su ciently large . For vertex-critical graphs, little is known about the number of edges. Plesn ik implicitly asked whether it is also true that 1 4 2 is an upper bound for the number of edges in a vertex-critical graph of diameter two on vertices. In this paper, we construct, for each 5 except = 6, a vertex-critical graph of diameter two on vertices with at least 2 + c 2 edges, where c 2 is some constant. In addition, we also construct, for each 5 except = 6, a vertex-critical graph of diameter two on vertices with at most 1 2 (5 ? 12) edges. We show each vertex-critical graph must contain at least 1 2 (5 ? 29) edges. This second result is comparable to a result of Murty on the minimum number of edges possible in an edge-critical graph of diameter two. 1 
Introduction
For standard notation and terminology, we follow that of Bondy and Murty 2] . A graph G has vertex set V (G), edge set E(G), (G) vertices, and "(G) edges. The distance d(x; y) between two vertices x and y of G is de ned as the length of a shortest (x; y)-path in G; if there is no path connecting x and y we de ne d(x; y) to be in nite. The diameter of a graph G, denoted by D(G), is de ned to be the maximum distance in G, that is, D(G) = max x; y2V (G) Edge-critical graphs have been extensively studied, 4, 5, 7, 8, 9, 11, 12, 13] . In this paper, we construct, for each 5 except = 6, a 2-vertex-critical graph G which satis es "(G) is the correct order for the maximum number of edges possibly contained in a 2-vertex-critical graph. More precisely, if F denotes the maximum number of edges possible in a 2-vertex-critical graph with vertices, then we show that, for each 5 except = We also analyze the minimum number of edges contained in a 2-vertex-critical graph. Let f be the minimum number of edges possible in a 2-vertex-critical graph with vertices. We show that, for each 5 except = 6, 1 Figure 3 shows the constructions.
Let k 7 and let G 0 be the 2-vertex-critical graph on 1 2 k(k?3) vertices constructed in the proof of Lemma 2.1. We obtain a graph G on vertices as follows: When We now prove (iii) and (iv So from now on we assume that s < We note that jE(G 0 )j ? 3jXj ? 1 2 jXj(2s ? jXj) ? ? jXj 2 , by claim 1.
We now consider the case when jXj < 2s (the case when jXj = 2s will be considered at the end of the proof To construct a 2-vertex-critical graph on 9 vertices for each odd , we add vertices y j ; z j , j = 1; 2; : : : ; 1 2 ( ?7) and edges x 1 y j ; x 1 z j ; y j z j ; y j x 5 ; z j x 7 , j = 1; 2; : : : ; (3 ?2jWj?2). Proof: Assume, without loss of generality, that jXj jY j. For every vertex y 2 Y we can nd a vertex f(y) 2 X W such that yf(y) 2 E(G), by (iii). Furthermore we may assume that f(y) 2 X if e(y; X) 1. Now denote the set of the jY j edges of type yf(y) by M. Furthermore de ne the following: Z x = fz : e(z; X) 1 Below we shall be looking at the graph G, unless otherwise speci ed. We prove the lemma by considering the following ve cases. Case 1. jXj 3: By Claim 4 above and the fact that jY j = ? jWj ? jXj, we obtain the following: 4 and there is a vertex x 2 X with d(x) = 2: We easily obtain the following inequality: 3 for all x 2 X: By Claim 4, we obtain the following:
2jY j + (jUj + Proof: Note that (G) 2. We shall consider separately the cases when (G) = 2, (G) = 3, (G) = 4, and (G) 5.
Assume that (G) 5. 
